A three-dimensional O(N) model with both fermions and scalar bosons are studied extensively up to the second order in the 1/ N expansion. Fermionic interactions work towards stabilizing the vacuum as seen from the Gaussian variational method. Vacuum stability requires a constraint among dimensionless coupling constants. The effective potential is calculated up to the second order. Renormalizing the effective potential, we calculate the renormalization-group functions. There are some fixed points. The renormalization-group flow diagram shows that there exists an ultraviolet stable fixed point compatible with the vacuum stability constraint. The fixed point corresponding to that in the supersymmetric limit is seen to be unstable unless there is an exact supersymmetry from the beginning. § 1. Introduction
It is an important problem in relativistic quantum field theory what are criteria for choosing non-trivial and mathematically consistent theories. It has been claimed recently I) that the simplest (rjJ4)d theory is trivial for d>4 (and possibly also for d=4 2 )) in the limit of infinite ultraviolet cutoff. Are all non-asymptotically-free theories trivial?
The l}(rjJ6)3 theory is also renormalizable and non-asymptotically-free. The l/N analyses of its O(N) symmetric version have revealed existence of the nontrivial ultraviolet fixed point (UVFP) at l} = 192, when the coupling is defined by (6N2)-Il) ((P) 3 
.3)_5)
It was observed, however, by a variational method that the theory becomes unstable for l} >(47r)2 and l}<O.6) Although l}=192>(47r)2, it was argued in Ref. 6 ) that a new UVFP exists at l} = (47r)2 with which a new phase is associated. But it has no stable vacuum, either.7), 8) When an N -component fermi field is introduced in addition to the N -component scalar field, there appear other types of renormalizable and 1/ N -calculable interactions in three dimensions. 9 )-II)
As is well-known in supersymmetric (SUSY) theories, such fermionic interactions are expected to improve the ultraviolet behavior of the system. It is the aim of this work to study effects of such new interactions on the stability problem and to discuss the ultraviolet behavior of the model up to the next-to-leading 1/ N (NLN) order.
We first analyse the system using the Gaussian variational method in the next section. We find that fermionic interactions drastically improve stability of the vacuum. Stability requires a constraint among coupling constants. In § 3, we calculate the effective potential up to the NLN order following Cornwall-lackiw-Tomboulis. § 2. Variational analysis and the leading effective potential Consider the following Lagrangian:
where CPo is a two component Majorana field. Note that, when Mo = mo, ,10 = 4gomo, ~o = go, TJo=3g0 2 , the system has a supersymmetry (SDSy). lO) To study stability of the system, we first make a variational analysis with the aid of the method in Ref. 13 ). Expand ifJo(x) and CPo(x) as follows:
where wp=!p 2 +Mb 2 and Qp=!P2+Mf2. Operators a(p) and b(P) satisfy usual (anti-) commutation relations. Two-component spinors u(p) and v(p) are related to each other through charge-conjugation operator C: v(p)=Crou*(p). We regard ifJc, Mb and Mf as variational parameters and adopt the Fock ground state as a trial vacuum. Namely the trial vacuum satisfies
The Hamiltonian H is derived as usual from (2 ·1). The vacuum energy W to· leading order in 1/ N (LN) is evaluated easily to be 1 with the height proportional to A 3 before infinitely deep well. Since A ---> 00 should be taken finally, (2 ·ll) becomes bounded below in sharp contrast with the bosonic (¢6)3 case where g=O from the beginning. The limit IMfl---> 00 or ¢c 2 ---> 00 keeping other parameters fixed gives rise to no problem due to the same mechanism. Even 7J < 0 is not forbidden for the ¢c 2 ---> 00 limit. If we adopt dimensional regularization instead of the momentum cutoff, we could not see the above mechanism, since the cutoff dependence disappears then. It is a typical example that a careless use of dimensional regularization leads to a qualitatively erroneous result.
Limits taken on the Mf = M + g¢2 surface must be examined separately, since the cutoff-dependent term vanishes. The above mechanism does not work in such limits. Since the parameters are constrained to (2·8), it is enough to discuss ¢c 2 ---> 00 or gMf ---> 00 (Mb--->oo) alone for gMf>O (gMf<O). The limit ¢c 2 ---> 00 gives a condition 7J > _(2Jr)-1IgI3 which is satisfied automatically in the SUSY limit.
A serious problem occurs when Mb--->oo is taken for gMf<O on the Mf=M+g¢2 surface. The limit keeping ¢c 2 finite yields a constraint 7J::;;7Jc+(2Jr)-1IgI3. The equality corresponds to Igl=4Jr in the SUSY limit, that is, the case with the spontaneous breaking of scale invariance. 10 ) When 7J::;;7Jc+(2Jr)-1IgI3, however, the gap equations (2·8) and (2·9) have a solution only for complex ,pc. Consider for simplicity the scale-invariant tricriticallimit (M=m=,1=O) which is expected to be realized in the asymptotic limit. Then we get (2 -13) with il == [71 -(2;r)-1IgI3]1/Z. This is a disaster. The LN effective potential is obtained from Win (2) (3) (4) (5) (6) (7) when Mb and Mf satisfy the gap equations (2) (3) (4) (5) (6) (7) (8) and (2) (3) (4) (5) (6) (7) (8) (9) . Hence (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) means the effective potential is complex. The vacuum is not stable in the gM f < 0 case including the phase with the spontaneous breaking of scale invariance. § 3_ Effective potential up to 0 (1) Let us next calculate the effective potential up to the NLN order using the method of Cornwall-lackiw-Tomboulis. 12l It is given by the following formula:
where
S(p), §(p) and K(p)(D(p), i5(p) and G(p))
are free, tree and complete fermion (boson) propagators. We discuss, in the following, only a case in which the background constant field t/>c or <Pc is vanishing. -Vz( t/>c, <Pc, G, K) is the sum of all the two-particle irreducible (2PI) vacuum graphs with vertices determined by the non-quadratic part of L(t/>+t/>c, ¢) or L(t/>, ¢+¢c) and the complete propagators. Here fM denotes f(2;r)-3d 3 p. The free and tree propagators are given explicitly as
Here ¢a is an arbitrary unit vector in the O(N) isospin space and t/>cz==(t/>cZ)N-l . We write the complete propagators as (3 -8) and (3 -9) Once the effective potential is obtained, G and K are determined implicitly by the equations T. Suzuki and H. Yamamoto
We show, in Figs. l(a) ~ (c), the 2PI vacuum graphs up to 0(1) contributing to V 2 • The diagrams in Fig. l(a) give (Fig. l(a) )
where fMa= a, fMti= a, fMC = C and fMC= C. Diagrams in Figs. l(b) and (c) are all of 0(1).
The LN effective potential of O(N) is discussed first. Inserting (3·2) ~(3'9) into (3·1) and from (3,11), we get 
aVN iC
Hence we see
where Mf is given by (2·8) and Mb 2 is modified to be Mb 2 gM2~fl +m2+;\(P+lJ(~2)2+ Jv¢c·¢c. (3 ·19) Note that it is unnecessary to evaluate the O(l/N) terms in G and K, since they do not contribute to the effective potential up to 0(1). Substituting (3 ·16) ~ (3 ·18) into (3 -12), we find VN is equal to Win (2·7) plus Mf(¢c·¢c)/2+N-1~0(¢c-<f;c)(¢c-<f;J with Mf and Mb satisfying (2·8) and (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) , respectively.
Define one-loop diagrams as follows:
. and 
( Fig.l(c) 
. To derive (3·23), we have used that three-dimensional Majorana spinors satisfy ¢a¢b = ¢b¢a and ¢aYI'¢b= -¢bYI'¢a, so that ¢aYI'¢b¢a¢b=O.
The NLN effective potential VI is given by
The leading terms of ii, A and C are determined by (3·10). We find
where p = A + 27]¢2 + g2 F(P) and F(P) is the finite part of F(P) explicitly given in (A· 2).
Substituting these solutions into (3·25), we finally get where VNR is rewritten in terms of the renormalized quantities.
After making the Wick rotation, we may expand the integrands of VII in (3·30) and VI 2 in (3·31) for PE 2 ---+ 00 as lnC~:~;~IBnPEn-l) and In(~;~IAnPEn-I), respectively. The coefficients relevant to the divergences are 
where all quantities are the renormalized ones and the subscript R is omitted hereafter. Since the renormalization of dimensionless parameters is interesting, let us pay attention only to the logarithmic divergences. Comparing the divergence proportional to M b 3 , we may determine 
2) gor; g3 ] 2 20VN-(4J[)3 g (a2g+ og) r;+2J[-16J[ --3--2J[og + O(Mb ) . (4·6)
The coefficients BI ~ B4 in (4·3) and Al ~ A4 in (4·4) are not changed except that Mb 2 is given by (3·19) with Pc=O and CPc=FO. VI 3 in (3·32) also should be taken into account. Thus we may determine a2g+0g from (4·6).
The wave-function renormalization constant a2 of the fermion is calculated from the diagrams in Fig. 2 . It is given by
from which we easily get
Using this value, we may fix Og and or; as (4 -10)
To determine 0 ~ using the effective potential, we have to consider a case with <Pc *-0 and <Pc *-0. Then there arises a two-point fermion-boson mixing interaction which makes calculations much complicated. To evaluate Feynmann diagrams is much easier. These are shown in Fig. 3 . If we denote the total divergent term of Fig. 3 as roo, the following relation holds: (4 -11) It is not difficult to derive the divergent terms of 
---------------
and !3~ = fl(Jr;/ofl is given similarly from (4 ·10).
These functions are reduced in the SUSY limie) to
Let us first consider the SUSY case. As discussed in Ref. 9) , there is a non-trivial UVFP at Igl=8/3 and an infrared-stable point at g=O.
In the LN order, the SUSY case shows no vacuum instability for any 9 as studied in § 2 . '-- We do not expect any vacuum instability in the NLN order, either. Really the behavior of the effective potential at ¢c z ..... oo (when <Pc=O) obeys the renormalization-group equation in the scale-invariant limit m=0.9) The effective potential is then expressed as (¢/p-sr'(gc) V(¢cz=/-l, \g\=gc=8/3) where .,..'=.,..(1+2.,..)-1. Since.,..' is already of order N-\ no drastic change is expected to appear. In conclusion, when we confine ourselves to the exact SUSY limit, the system has a non-trivial UVFP at g=~= ±8/3 and is also stable. Let us next discuss the general case. Since (Jg and (J~ are independent of r;, we first analyse the renormalization-group flow in the g-~ plane. It is shown in Fig. 4 for ~ >0 alone, since the diagram is symmetric with respect to the origin. The isoclines (Jg=O and (J.=O cross at four points in the half plane: A(g=35.16, ~=6.689), B(g=~=8/3), C(g = -2.156, ~ = 3.556) and g = ~ = O. As seen from the flow in Fig. 4 , the point A is a stable UVFP, whereas the point B corresponding to the SUSY UVFP is not stable. This means that, even if we start with a very small explicit SUSY breaking g =1= ~, we never reach the SUSY limit in the ultraviolet region. It may not be unnatural because such a type of breaking is hard. The point C is also unstable. The origin g = ~ = 0 is an infrared stable point.
Let us study the behavior near the point A in detail. When ~~6.689 (g~35.16), the renormalization-group flow is expressed in We have studied the effect of fermionic interactions up to the NLN order. Although the pure bosonic (cp6) d=3 theory is not stable in the ultraviolet region, the threedimensional O(N) model with fermionic interactions becomes stable and has a non-trivial UVFP. This is the first perturbatively-renormalizable model that has a stable UVFP. The Gross-Neveu modeP 4 ) and the non-linear <1 modeP 5 ) in three dimensions are known to have a UVFP, but they are perturbatively non-renormalizable. Therefore their coupling constants are dimensional, so that their UVFP depend on the renormalization scheme adopted. On the other hand, the UVFP of the model discussed here is not dependent on the scheme.
When there is an exact SUSY, the system has an UVFP at g = ~ = ± 8J3 in the stable domain. However if we start with g"*~, we never arrive at the point in the ultraviolet limit. Namely, the points g = ~= ±8J3 are not stable in the general g-~plane, where there are other stable UVFP at 7J =4893, g = ±35.16 and ~= ±6.689 satisfying g~ >0. Since 7J >0 and gM f >0 satisfy the stability condition in § 2, the new UVFP may be stable. It is not clear, however, why such an asymmetric case does realize in the ultraviolet limit.
In Ref. 16 ), Curtright and Ghandour discussed what dynamical features distinguish the supersymmetric Wess-Zumino model from its neighbouring theory with the same fields but different coupling constants. Although their method is based on the usual perturbation up to the two-loop order, they obtained the results similar to ours with regards to the ultraviolet behaviors. Namely when we start with non-supersymmetric coupling constants, we never reach the supersymmetric limit in the ultraviolet region. They also conjectured that supersymmetry forms in general a boundary in coupling parameter space which separates theories with and without stable vacua, extending their analyses of the model. However, the conjecture does not hold true, since it is not the case in our analyses.
Our method used here is the Gaussian variational method l3 ) and the liN expansion up to the NLN order. To study if there is really a stable UVFP in this model, we must further investigate the model using other non-perturbative method. The lattice analyses of the model may be very interesting. Anyway, the existence of a stable UVFP shows that there is a non-trivial non-asymptotically-free model. Asymptotic freedom may not be a necessary condition of non-triviality.
Appendix A
Let us show the explicit forms of the bubble diagrams. Using a parameter, we write 
2PE 37fPE 2 157fPE 4 ,
Using these asymptotic forms, we easily get the coefficients Bl ~ B4 and Al ~ A4 in § 4.
Appendix B
Let us show a few examples of calculations of Fig. 3 . Note first that contributions from an infinite chain of bubbles are reduced to those from one bubble diagram times a constant, since we want to know only logarithmic divergences. --167f2 NA1Bl lny . Fig. 3(a) are calculated similarly. Fig.3 (b) 
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